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Abstract
In this paper, we study the weighted composition operators Wϕ,ψ :f → ψ(f ◦ ϕ) between weighted
Bergman spaces and Hardy spaces on the unit ball of Cn. We characterize the boundedness and the compact-
ness of the weighted composition operators Wϕ,ψ :Ap(να) → Aq(νβ) (0 < q < p < ∞, −1 < α,β < ∞)
and Wϕ,ψ :Hp(B) → Hq(B) (0 < q < p < ∞).
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction
Let B and S denote the open unit ball and the unit sphere in Cn respectively. Let ν and σ
denote the normalized Lebesgue measure on B and S respectively. For −1 < α < ∞, we set
cα = Γ (n + α + 1)/{Γ (n + 1)Γ (α + 1)} and dνα(z) = cα(1 − |z|2)α dν(z) (z ∈ B) so that
να(B) = 1.
Let H(B) denote the space of all holomorphic functions in B . For 0 < p < ∞ and −1 <
α < ∞, the weighted Bergman space Ap(να) and the Hardy space Hp(B) are defined by
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{
f ∈ H(B): ‖f ‖pAp(να) ≡
∫
B
|f |p dνα < ∞
}
,
Hp(B) =
{
f ∈ H(B): ‖f ‖pHp ≡ sup
0<r<1
∫
S
|fr |p dσ < ∞
}
,
where fr(z) = f (rz) for 0 < r < 1 and z ∈ S.
Let ϕ :B → B be a holomorphic self-map of B and ψ ∈ H(B), then ϕ and ψ define the
linear operator Wϕ,ψ on H(B) by means of the equation Wϕ,ψf = ψ · (f ◦ ϕ), f ∈ H(B). This
operator Wϕ,ψ is called the weighted composition operator induced by ϕ and ψ .
It is natural to be concerned with the questions of when
Wϕ,ψ :A
p(να) → Aq(νβ) (0 < p,q < ∞, −1 < α,β < ∞)
and
Wϕ,ψ :H
p(B) → Hq(B) (0 < p,q < ∞)
will be bounded or compact.
For ψ = 1, Wϕ,1 is called a composition operator. Many authors have studied the above prob-
lems on the composition operators. In [5,6,9], they considered composition operators between
different Hardy spaces. For different Bergman spaces, we can refer to [11,13,14].
For n = 1, B = U , U is the unit disc on the complex plane C, the weighted composition
operators between different Hardy spaces were studied by Contreras and Hernández-Díaz [3].
They characterized the boundedness and compactness for the case 1  p  q < ∞. They also
posed a problem: If q < p, when is Wϕ,ψ :Hp → Hq a bounded or compact operator?
For the higher-dimensional case, Sei-ichiro Ueki [15] characterized the boundedness and the
compactness of the weighted composition operators
Wϕ,ψ :A
p(να) → Aq(νβ) (0 < p  q < ∞, −1 < α,β < ∞)
and
Wϕ,ψ :H
p(B) → Hq(B) (0 < p  q < ∞)
in terms of the Carleson-type measures.
In this paper, we study the boundedness and the compactness of the weighted composition
operators Wϕ,ψ :Ap(να) → Aq(νβ) (0 < q < p < ∞, −1 < α,β < ∞) and Wϕ,ψ :Hp(B) →
Hq(B) (0 < q < p < ∞). Our results also are connected with an answer to a question posed by
Contreras and Hernández-Díaz [3].
All this part could be generalized to the bounded symmetric domains and the convex domains
of finite type, mixing the techniques of this paper and those of [2]. We content ourselves of the
case of the ball for simplicity.
Throughout the paper, C denotes a positive constant, whose value may change from one oc-
currence to the next one.
2. The boundedness and the compactness of Wϕ,ψ :Ap(να)→Aq(νβ)
For a, b ∈ B , we will denote β(a, b) the distance with the Bergman metric on B . For r > 0,
let the closed Bergman metric ball
E(a, r) = {z ∈ B: β(a, z) r},
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να(E(a, r)) (see [12, p. 30], or [16, p. 27]).
For 0 < q < ∞ and −1 < β < ∞, let ϕ :B → B be a holomorphic self-map of B and ψ ∈
Aq(νβ), we define a finite positive Borel measure μϕ,ψ,q,β on B by
μϕ,ψ,q,β(E) =
∫
ϕ−1(E)
|ψ |q dνβ
for all Borel sets E of B .
By the definition of μϕ,ψ,q,β on B , we get (see [8, p. 163])∫
B
∣∣ψ(z)∣∣q ∣∣(f ◦ ϕ)(z)∣∣q dνβ(z) = ∫
B
∣∣f (z)∣∣q dμϕ,ψ,q,β(z). (1)
First, we give the following useful lemmas.
Lemma 2.1. Let μ be a finite positive Borel measure on B , 0 < q < p < ∞, −1 < α < ∞, then
the following are equivalent:
(i) μ(E(a,r))
|E(a,r)|1+ αn+1
∈ Ls(να), here 1s + qp = 1, Ls(να) is the usual Lebesgue space with respect to
να on B . The exact value of r is unimportant, if it is valid for some r > 0, then it is valid for
every r ∈ (0,∞).
(ii) There exists a constant C (independent of f ) such that{∫
B
∣∣f (z)∣∣q dμ(z)}1/q  C{∫
B
∣∣f (z)∣∣p dνα(z)}1/p
for all f ∈ Ap(να).
For the case n = 1 and B = U , U is the unit disc in the complex plane. In [10], Luecking
used the interpolating sequences to prove the above lemma, at the ending of the paper, he also
remarked that the above lemma is still valid in weighted Bergman spaces on bounded symmetric
domains in Cn. So, we do not prove Lemma 2.1 here.
Lemma 2.2. Let ϕ be a holomorphic self-map of B and ψ ∈ Aq(νβ), 0 < q < p < ∞, −1 <
α,β < ∞, Wϕ,ψ :Ap(να) → Aq(νβ) is compact if and only if whenever {fk} is bounded in
Ap(να) and fk → 0 uniformly on compact subset of B , then ‖Wϕ,ψfk‖qAq(νβ) → 0, as k → ∞.
Using the method of the proof of Proposition 4.1 of [15], we can prove that Lemma 2.2 is still
true.
Lemma 2.3. For r > 0, there is a constant Cr,p > 0 (depending only on r and p) so that for all
f ∈ H(B), z ∈ B and 0 < p < ∞, we have∣∣f (z)∣∣p  Cr,p|E(z, r)|1+ αn+1
∫
E(z,r)
∣∣f (w)∣∣p dνα(w).
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Lemma 2.4. For a, b in B with β(a, b)  R and r, s > 0, there exist constants m(R, r, s) and
M(R, r, s), such that
0 < m(R, r, s) |E(a, r)||E(b, s)| M(R, r, s) < ∞.
Lemma 2.5. For r > 0, there are constants C1(r), C2(r) such that
0 < C1(r)
{
1 − |a|2
|1 − 〈z, a〉|2
}n+1∣∣E(a, r)∣∣ C2(r) < ∞
for a, z ∈ B with β(a, z) r .
Lemmas 2.4 and 2.5 is the special cases of Lemmas 6 and 8 in [1].
Lemma 2.6. [16, Theorem 2.10] Fix two real parameters a and b and define the integral operator
S by
Sf (z) = (1 − |z|2)a ∫
B
(1 − |w|2)b
|1 − 〈z,w〉|n+1+a+b f (w)dν(w).
Then for −∞ < t < ∞ and 1 r < ∞, the following conditions are equivalent:
(i) S is bounded on Lr(B,dνt ).
(ii) −ra < t + 1 < r(b + 1).
Theorem 2.1. Let ϕ be a holomorphic self-map of B and ψ ∈ Aq(νβ), 0 < q < p < ∞, −1 <
α,β < ∞, then the following are equivalent:
(i) Wϕ,ψ :Ap(να) → Aq(νβ) is a bounded composition operator.
(ii) Wϕ,ψ :Ap(να) → Aq(νβ) is a compact composition operator.
(iii) μϕ,ψ,q,β (E(z,r))
|E(z,r)|1+ αn+1
∈ Ls(να). The exact value of r is unimportant, if it is valid for some r > 0,
then it is valid for every r ∈ (0,∞).
(iv)
∫
B
∣∣ψ(z)∣∣q{ 1 − |a|2|1 − 〈ϕ(z), a〉|2
}n+1+α
dνβ(z) ∈ Ls(να).
Here 1
s
+ q
p
= 1, Ls(να) is the usual Lebesgue space with respect to να on B .
Proof. At first, by the definition of μϕ,ψ,q,β and (1), we know that (i) and (iii) are equivalent.
Now, we will prove that (i) and (ii) are equivalent.
(ii) ⇒ (i) is obvious, so we only prove (i) ⇒ (ii).
To prove Wϕ,ψ :Ap(να) → Aq(νβ) is compact, by Lemma 2.2, it suffices to show that
whenever {fk} is bounded in Ap(να) and fk → 0 uniformly on compact subsets of B , then∫ |Wϕ,ψfk(z)|q dνβ(z) → 0, as k → ∞.B
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B
∣∣fk(z)∣∣p dνα(z)M, k = 1,2, . . . . (2)
By (1) and Lemma 2.3, we get∫
B
∣∣Wϕ,ψfk(z)∣∣q dνβ(z) = ∫
B
∣∣fk(z)∣∣q dμϕ,ψ,q,β(z)

∫
B
Cr
|E(z, r)|1+ αn+1
∫
E(z,r)
∣∣fk(w)∣∣q dνα(w)dμϕ,ψ,q,β(z)
=
∫
B
Cr
|E(z, r)|1+ αn+1
∫
B
χE(z,r)(w)
∣∣fk(w)∣∣q dνα(w)dμϕ,ψ,q,β(z).
Observing that χE(z,r)(w) = χE(w,r)(z), by Lemma 2.4, then∫
B
∣∣Wϕ,ψfk(z)∣∣q dνβ(z) Cr ∫
B
∣∣fk(w)∣∣q ∫
B
χE(w,r)(z)
|E(z, r)|1+ αn+1 dμϕ,ψ,q,β(z) dνα(w)
 Cr
∫
B
∣∣fk(w)∣∣q ∫
E(w,r)
1
|E(z, r)|1+ αn+1 dμϕ,ψ,q,β(z) dνα(w)
 Cr
∫
B
∣∣fk(w)∣∣q μϕ,ψ,q,β(E(w, r))|E(w, r)|1+ αn+1 dνα(w). (3)
Since μϕ,ψ,q,β (E(a,r))
|E(a,r)|1+ αn+1
∈ Ls(να), therefore, given 
 > 0, there is an 0 < r
 < 1, such that∫
B\r
B
μϕ,ψ,q,β(E(w, r))
s
|E(w, r)|s+ sαn+1 dνα(w) < 

s, here r
B = {r
z: z ∈ B}. (4)
fk → 0 uniformly on compact subsets of B , so that
lim
k→∞
∫
r
B
∣∣fk(w)∣∣p dνα(w) = 0.
Accordingly, we may choose k
 such that, for k  k
 ,∫
r
B
∣∣fk(w)∣∣p dνα(w) 
p/q{∫
B
μϕ,ψ,q,β(E(w, r))
s
|E(w, r)|s+ sαn+1 dνα(w)
}−p/(sq)
. (5)
Since 1
s
+ q
p
= 1, using Hölder’s inequality and (5), we get for k  k
 ,∫
r
B
∣∣fk(w)∣∣q μϕ,ψ,q,β(E(w, r))|E(w, r)|1+ αn+1 dνα(w)

{ ∫
r
B
∣∣fk(w)∣∣p dνα(w)}q/p · {∫
B
μϕ,ψ,q,β(E(w, r))
s
|E(w, r)|s+ sαn+1 dνα(w)
}1/s
 
. (6)
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B\r
B
∣∣fk(w)∣∣q μϕ,ψ,q,β(E(w, r))|E(w, r)|1+ αn+1 dνα(w)

{∫
B
∣∣fk(w)∣∣p dνα(w)}q/p · { ∫
B\r
B
μϕ,ψ,q,β(E(w, r))
s
|E(w, r)|s+ sαn+1 dνα(w)
}1/s
 

{∫
B
∣∣fk(w)∣∣p dνα(w)}q/p. (7)
Combine (2), (3), (6) and (7), for k  k
 ,∫
B
∣∣Wϕ,ψfk(z)∣∣q dνβ(z) = ∫
B\r
B
∣∣Wϕ,ψfk(z)∣∣q dνβ(z) + ∫
r
B
∣∣Wϕ,ψfk(z)∣∣q dνβ(z)
 Cr
(
Mq/p + 1)
.
At last, we will prove that (iii) and (iv) are equivalent.
Let μϕ,ψ,q,β (E(z,r))
|E(z,r)|1+ αn+1
∈ Ls(να).
For a ∈ B , we set the function fa ∈ H(B) by
fa(z) =
{
1 − |a|2
(1 − 〈z, a〉)2
}(n+1+α)/q
(z ∈ B).
By the same argument which was used to derive (3) in the proof of (i) ⇒ (ii), we get
∫
B
∣∣ψ(z)∣∣q{ 1 − |a|2|1 − 〈ϕ(z), a〉|2
}n+1+α
dνβ(z)
=
∫
B
∣∣Wϕ,ψfa(z)∣∣q dνβ(z) Cr ∫
B
∣∣fa(w)∣∣q μϕ,ψ,q,β(E(w, r))|E(w, r)|1+ αn+1 dνα(w)
= Cr
∫
B
{
1 − |a|2
|1 − 〈w,a〉|2
}n+1+α μϕ,ψ,q,β(E(w, r))
|E(w, r)|1+ αn+1 dνα(w)
= CrSμ̂r (a), (8)
where S denotes the integral operator defined in Lemma 2.6 and μ̂r (w) = μϕ,ψ,q,β (E(w,r))|E(w,r)|1+ αn+1 . Since
μ̂r (w) = μϕ,ψ,q,β(E(w, r))|E(w, r)|1+ αn+1 ∈ L
s(να)
and 1 < s < ∞, Lemma 2.6 for the parameter a = n + 1 + α, b = α and (8) imply that∫ ∣∣ψ(z)∣∣q{ 1 − |a|2|1 − 〈ϕ(z), a〉|2
}n+1+α
dνβ(z) ∈ Ls(να).
B
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B
∣∣ψ(z)∣∣q{ 1 − |a|2|1 − 〈ϕ(z), a〉|2
}n+1+α
dνβ(z) ∈ Ls(να),
by (1), we get∫
B
∣∣ψ(z)∣∣q{ 1 − |a|2|1 − 〈ϕ(z), a〉|2
}n+1+α
dνβ(z) =
∫
B
{
1 − |a|2
|1 − 〈z, a〉|2
}n+1+α
dμϕ,ψ,q,β(z),
by Lemma 2.5,∫
B
{
1 − |a|2
|1 − 〈z, a〉|2
}n+1+α
dμϕ,ψ,q,β(z)
∫
E(a,r)
{
Cr
|E(a, r)|
}1+α/(n+1)
dμϕ,ψ,q,β(z)
= Cr μϕ,ψ,q,βE(a, r)|E(a, r)|1+ αn+1 .
So
μϕ,ψ,q,β(E(a, r))
|E(a, r)|1+ αn+1 ∈ L
s(να).
The proof is ended. 
3. The boundedness and the compactness of Wϕ,ψ :Hp(B)→Hq(B)
For a point a ∈ S and t > 0, let S(a, t) = {z ∈ B: |1 − 〈z, a〉| < t}.
For 0 < q < ∞, let ϕ :B → B be a holomorphic self-map of B and ψ ∈ Hq(B), we define a
finite positive Borel measure μϕ,ψ,q on B by
μϕ,ψ,q(E) =
∫
(ϕ∗)−1(E)
∣∣ψ∗∣∣q dσ
for all Borel sets E of B , where ϕ∗ and ψ∗ denote the radial limit map of ϕ and the radial limit
function of ψ respectively. Thus we may regard ϕ as a map of B into B , and we will usually
continue to write ϕ for this map, and reserve the notation ϕ∗ for the map from S into B as defined
above.
First, we give the following useful lemmas.
Lemma 3.1. For 0 < q < p < ∞ and f ∈ Hp(B). Suppose that ϕ is a holomorphic self-map
of B and ψ ∈ Hq(B) \ {0} such that Wϕ,ψ :Hp(B) → Hq(B) is bounded. Then ψ∗(f ◦ ϕ)∗ =
ψ∗(f ∗ ◦ ϕ∗) a.e. [σ ] on S. Here the notation f ∗ denotes the function defined on B by f ∗(z) =
limr→1 f (rz) for z ∈ B .
Using the method of the proof of Lemma 4.2 of [15], we can prove that Lemma 3.1 is still
true.
Lemma 3.2. Let μ be a finite positive Borel measure on B , 0 < q < p < ∞. Then the following
two statements are equivalent:
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(ii) There exists a constant C such that{∫
B
∣∣f ∗∣∣q dμ}1/q  C{∫
S
∣∣f ∗∣∣p dσ}1/p
for all f ∈ Hp(B), 0 < p < ∞.
Lemma 3.2 is the special case of Theorems 2.2 and 6.1 of [7].
Theorem 3.1. Let ϕ be a holomorphic self-map of B and ψ ∈ Hq(B), 0 < q < p < ∞, then the
following are equivalent:
(i) Wϕ,ψ :Hp(B) → Hq(B) is a bounded composition operator.
(ii) supt>0 μϕ,ψ,q (S(a,t))tn ∈ Ls(S).
(iii) sup
0<r<1
{∫
S
∣∣ψ∗(ξ)∣∣q{ 1 − r2|1 − 〈ϕ∗(ξ), ra〉|2
}n
dσ (ξ)
}
∈ Ls(S).
Here a ∈ S, 1
s
+ q
p
= 1, Ls(S) is the usual Lebesgue space with respect to σ on S.
Proof. At first, we prove that (i) and (ii) are equivalent.
Let Wϕ,ψ :Hp(B) → Hq(B) be a bounded composition operator, then there is a constant C
such that{∫
S
∣∣ψ∗∣∣q ∣∣(f ◦ ϕ)∗∣∣q dσ}1/q  C{∫
S
∣∣f ∗∣∣p dσ}1/p
for all f ∈ Hp(B). By Lemma 3.1, we know that (f ◦ ϕ)∗ = f ∗ ◦ ϕ∗ a.e. [σ ] on S. By the
definition of μϕ,ψ,q on B , we get (see [8, p. 163])∫
S
∣∣ψ∗∣∣q ∣∣(f ◦ ϕ)∗∣∣q dσ = ∫
S
∣∣ψ∗∣∣q ∣∣f ∗ ◦ ϕ∗∣∣q dσ = ∫
B
∣∣f ∗∣∣q dμϕ,ψ,q .
Therefore{∫
B
∣∣f ∗∣∣q dμϕ,ψ,q}1/q  C{∫
S
∣∣f ∗∣∣p dσ}1/p.
Now Lemma 3.2 implies that supt>0
μϕ,ψ,q (S(a,t))
tn
∈ Ls(S).
Conversely, let supt>0
μϕ,ψ,q (S(a,t))
tn
∈ Ls(S), applying Lemma 3.2, there is a constant C such
that {∫
B
∣∣f ∗∣∣q dμϕ,ψ,q}1/q  C{∫
S
∣∣f ∗∣∣p dσ}1/p
for all f ∈ Hp(B). In particular, for f ∈ A(B) = H(B) ∩ C(B),
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∣∣ψ∗∣∣q ∣∣(f ◦ ϕ)∗∣∣q dσ}1/q = {∫
S
∣∣ψ∗∣∣q ∣∣f ∗ ◦ ϕ∗∣∣q dσ}1/q
=
{∫
B
|f |q dμϕ,ψ,q
}1/q
C
{∫
S
|f |p dσ
}1/p
.
Since A(B) is dense in Hp(B), we get that Wϕ,ψ :Hp(B) → Hq(B) is a bounded composition
operator.
Now, we turn to prove that (ii) and (iii) are equivalent.
Let Kμϕ,ψ,q (a) = supt>0 μϕ,ψ,q(S(a, t))/tn ∈ Ls(S), from the proof of (i) ⇒ (ii), we know∫
S
∣∣ψ∗(ξ)∣∣q{ 1 − r2|1 − 〈ϕ∗(ξ), ra〉|2
}n
dσ (ξ) =
∫
B
{
1 − r2
|1 − 〈w, ra〉|2
}n
dμϕ,ψ,q(w). (9)
Fix a point a ∈ S and r , 0 < r < 1, t = 8(1 − r).
We define
V0 =
{
w ∈ B: ∣∣1 − 〈w,a〉∣∣< t} and Vk = {w ∈ B: 2k−1t  ∣∣1 − 〈w,a〉∣∣< 2kt}
for 1 k N , where N is the first natural number with 2Nt > 2.
Since { 1−r2|1−〈w,ra〉|2 }n < 2
n
(1−r)n , we have∫
V0
{
1 − r2
|1 − 〈w, ra〉|2
}n
dμϕ,ψ,q(w)
2nμϕ,ψ,q(V0)
(1 − r)n
 C
(
2t
1 − r
)n
Kμϕ,ψ,q (a) = 16nCKμϕ,ψ,q (a).
For any w ∈ B , we have |1 − 〈a, ra〉| = 1 − r  |1 − 〈w, ra〉|, it follows from the triangle
inequality for the non-isotropic metric on B (see [12, Proposition 5.1.2]) that∣∣1 − 〈w,a〉∣∣1/2  ∣∣1 − 〈w, ra〉∣∣1/2 + ∣∣1 − 〈ra, a〉∣∣1/2  2∣∣1 − 〈w, ra〉∣∣1/2,
so, if 1 k N and w ∈ Vk , then |1 − 〈w,a〉| 4|1 − 〈w, ra〉| and so{
1 − r2
|1 − 〈w, ra〉|2
}n
 (4t)
n
|1 − 〈w,a〉|2n 
(
16
4kt
)n
.
Therefore∫
Vk
{
1 − r2
|1 − 〈w, ra〉|2
}n
dμϕ,ψ,q(w)
(
16
4kt
)n
μϕ,ψ,q(Vk)C
(
16
2k
)n
Kμϕ,ψ,q (a)
for 1 k N .
From the decomposition∫
B
{
1 − r2
|1 − 〈w, ra〉|2
}n
dμϕ,ψ,q(w)
=
∫ { 1 − r2
|1 − 〈w, ra〉|2
}n
dμϕ,ψ,q(w) +
n∑
k=1
∫ { 1 − r2
|1 − 〈w, ra〉|2
}n
dμϕ,ψ,q(w).V0 Vk
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B
{
1 − r2
|1 − 〈w, ra〉|2
}n
dμϕ,ψ,q(w) C16nKμϕ,ψ,q (a).
Since r is arbitrary and by (9), we conclude
sup
0<r<1
{∫
S
∣∣ψ∗(ξ)∣∣q{ 1 − r2|1 − 〈ϕ∗(ξ), ra〉|2
}n
dσ (ξ)
}
 C sup
t>0
μϕ,ψ,q(S(a, t))
tn
,
therefore,
sup
0<r<1
{∫
S
∣∣ψ∗(ξ)∣∣q{ 1 − r2|1 − 〈ϕ∗(ξ), ra〉|2
}n
dσ (ξ)
}
∈ Ls(S).
Conversely, let
sup
0<r<1
{∫
S
∣∣ψ∗(ξ)∣∣q{ 1 − r2|1 − 〈ϕ∗(ξ), ra〉|2
}n
dσ (ξ)
}
∈ Ls(S).
For 0 < t < 1, a ∈ S, then, for w ∈ S(a, t),∣∣1 − 〈w, (1 − t)a〉∣∣ ∣∣1 − 〈w,a〉∣∣+ ∣∣〈w,a〉 − 〈w, (1 − t)a〉∣∣ 2t,
and 1 − (1 − t)2  t , so{
1 − (1 − t)2
|1 − 〈w, (1 − t)a〉|2
}n
 1
4ntn
.
Therefore,
μϕ,ψ,q(S(a, t))
tn
 C
∫
S(a,t)
{
1 − (1 − t)2
|1 − 〈w, (1 − t)a〉|2
}n
dμϕ,ψ,q(w)
 C
∫
B
{
1 − (1 − t)2
|1 − 〈w, (1 − t)a〉|2
}n
dμϕ,ψ,q(w)
 C sup
0<r<1
∫
B
{
1 − r2
|1 − 〈w, ra〉|2
}n
dμϕ,ψ,q(w),
by (9),
sup
0<t<1
μϕ,ψ,q(S(a, t))
tn
C sup
0<r<1
{∫
S
∣∣ψ∗(ξ)∣∣q{ 1 − r2|1 − 〈ϕ∗(ξ), ra〉|2
}n
dσ (ξ)
}
,
so sup0<t<1
μϕ,ψ,q (S(a,t))
tn
∈ Ls(S). For t  1, supt1 μϕ,ψ,q (S(a,t))tn ∈ Ls(S) is obvious, therefore,
supt>0
μϕ,ψ,q (S(a,t))
tn
∈ Ls(S).
The proof is ended. 
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that Wϕ,ψ :Hp(B) → Hp(B) is bounded. Then for 1  q < p < ∞, Wϕ,ψ :Hp(B) → Hq(B)
is compact if and only if σ(T ) = 0, where T = {ξ ∈ S: |ϕ∗(ξ)| = 1}.
Proof. Suppose 1 < p < ∞, Wϕ,ψ :Hp(B) → Hp(B) is bounded.
(1) For 1 < q < p, ϕ is a holomorphic self-map of B and ψ ∈ Hp(B). Let 
 > 0, set
T
 = {ξ ∈ S: |ϕ(ξ)|  1 − 
} and let T c
 denote its complement in S. We define an operator
K :Hp(B) → Hq(B) by
K(f ) = P (χT c
 (Wϕ,ψf )),
where P is the Szegö projection of Lq(S) onto Hq(B) defined by
P(f )(z) =
∫
S
f (ζ ) dσ (ζ )
(1 − 〈z, ζ 〉)n ,
for simplicity in notation, here we identify a function in Hq(B) with its radial limit function and
Lq(S) is the usual Lebesgue space with respect to σ on S.
We claim that K :Hp(B) → Hq(B) is compact, for any 1 < q < p < ∞.
To see this, let {fn} be a sequence from the unit ball of Hp(B). We wish to show that for some
subsequence {fnk } the images Kfnk converge in the norm of Hq(B). Since {fn} is a normal
family, we may find a subsequence which converges uniformly on compact subsets of B , to
say f . For simplicity in notation we denote this subsequence simply as {fn}. Clearly f ∈ Hp(B).
For almost all ξ ∈ T c
 ,(
χT c
 (Wϕ,ψfn)
)
(ξ) = (Wϕ,ψfn)(ξ) → ψ(ξ)f
(
ϕ(ξ)
)
,
since for such ξ , |ϕ(ξ)| < 1 − 
. For almost all ξ ∈ T
 ,(
χT c
 (Wϕ,ψfn)
)
(ξ) = 0 = (χT c
 (Wϕ,ψf ))(ξ).
So χT c
 (Wϕ,ψfn) tends to χT c
 (Wϕ,ψf ) pointwise almost everywhere on S. The functions
χT c
 (fn ◦ ϕ) are uniformly bounded on S, since on T
 they are zero and for ξ ∈ T c
 ,|ϕ(ξ)| < 1 − 
 and the functions fn are uniformly bounded on the ball of radious 1 − 
, so,
|(χT c
 (Wϕ,ψfn))(ξ)|C|ψ(ξ)| on S. Thus
χT c
 (Wϕ,ψfn) → χT c
 (Wϕ,ψf ) in Lq(S).
Since the projection P is bounded from Lq(S) to Hq(B) (see [12, p. 99]), we concluded
K(fn) → K(f ) in Hq(B), as desired. This verifies K :Hp(B) → Hq(B) is compact, for
1 < q < p < ∞.
Let g be a unit vector in Hp(B), by Hölder inequality, we get∥∥Wϕ,ψ(g) − K(g)∥∥Hq = ∥∥Wϕ,ψ(g) − P (χT c
 (Wϕ,ψg))∥∥Hq
= ∥∥P (Wϕ,ψ(g) − χT c
 (Wϕ,ψg))∥∥Hq
= ∥∥P (χT
 (Wϕ,ψg))∥∥Hq
 ‖P ‖
(∫
S
χT
 |Wϕ,ψg|q dσ
)1/q
 ‖P ‖(σ(T
))(p−q)/(pq)‖Wϕ,ψg‖Hp(B). (10)
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 → 0, the projection P is bounded from Lq(S) to Hq(B) (q > 1)
and Wϕ,ψ :Hp(B) → Hp(B) is bounded, so, if σ(T ) = 0, letting 
 → 0, by (10), then, the
essential norm of Wϕ,ψ when Wϕ,ψ is considered as an operator from Hp(B) to Hq(B) is 0.
Thus, Wϕ,ψ :Hp(B) → Hq(B) is compact, for 1 < q < p < ∞.
(2) For q = 1, suppose σ(T ) = 0, in other words |ϕ∗| < 1 a.e. on S. Take an arbitrary Hp(B)-
weakly null sequence {fj }. Since Wϕ,ψ :Hp(B) → Hp(B) is bounded, Hölder’s inequality
shows that Wϕ,ψ :Hp(B) → H 1(B) is bounded, which implies that Wϕ,ψfj → 0 weakly in
H 1(B). Moreover, by fj → 0 weakly in Hp(B), we see that {fj } converges to 0 uniformly on
compact subsets of B . Since |ϕ∗| < 1 a.e. on S, {Wϕ,ψfj } converges to 0 a.e. on S. On finite mea-
sure space, a.e. convergence implies convergence in measure. So we get {Wϕ,ψfj } converges to 0
in measure. Hence, {Wϕ,ψfj } is the H 1(B)-weakly null sequence which converges to 0 in mea-
sure. The Dunford–Pettis theorem (see [4, Theorem 12, p. 295]) shows that ‖Wϕ,ψfj‖H 1(B) → 0
as j → ∞. So we see that {Wϕ,ψfj } converges to 0 in H 1(B) for an arbitrary weakly null se-
quence {fj } in Hp(B). This implies Wϕ,ψ :Hp(B) → H 1(B) is completely continuous. Since
Hp(B) is reflexive, Wϕ,ψ is a compact operator from Hp(B) into H 1(B).
Conversely, if Wϕ,ψ : Hp(B) → Hq(B) is compact where 1  q < p < ∞, let g be a
non-constant inner function in B . Then gn converges weakly to 0 in Hp(B), which implies
‖Wϕ,ψ(gn)‖Hq(B) → 0 as n → ∞.
By Lemma 3.1 and the definition of μϕ,ψ,q , we have
∥∥Wϕ,ψ(gn)∥∥qHq(B) =
∫
S
∣∣ψ∗∣∣q ∣∣g∗ ◦ ϕ∗∣∣nq dσ = ∫
B
∣∣g∗∣∣nq dμϕ,ψ,q

∫
ϕ∗(T )
∣∣g∗∣∣nq dμϕ,ψ,q . (11)
Since g is a non-constant inner function in B , so that |g∗|nq = 1 a.e. [dσ ]. From the hypothesis,
Wϕ,ψ :H
p(B) → Hp(B) is bounded, so, by Theorem 3.2 and Lemma 2.5 of [15], the restriction
of μϕ,ψ,p to S is absolutely continuous with respect to σ . Using Hölder inequality, we get
μϕ,ψ,q(E) =
∫
(ϕ∗)−1(E)
∣∣ψ∗∣∣q dσ  ∫
(ϕ∗)−1(E)
∣∣ψ∗∣∣p dσ = μϕ,ψ,p(E),
for all Borel sets E of B . So, the restriction of μϕ,ψ,q to S is also absolutely continuous with
respect to σ . From this, we get |g∗|nq = 1 a.e. [dμϕ,ψ,q ] on ϕ(T ). Then, by (11), we have
∥∥Wϕ,ψ(gn)∥∥qHq(B) 
∫
ϕ∗(T )
dμϕ,ψ,q = μϕ,ψ,q
(
ϕ∗(T )
)

∫
T
∣∣ψ∗∣∣q dσ.
Let n → ∞, we get ∫
T
|ψ∗|q dσ = 0. So, if σ(T ) > 0, then ψ∗ = 0 a.e. [σ ] on T , by Theo-
rem 5.5.9 of [12, p. 83], ψ ≡ 0. But ψ ∈ Hq(B) \ {0}, this contradiction shows σ(T ) = 0. The
proof is ended. 
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